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ABSTRACT
A canonicalformof the compatabilityconditionalonga characteristicsurfacefor a
quasilinearhyperbolicsystemof first orderequationsin m+1 independentvariablesis
derived.This form of the compatibilityconditionis distinguishedby the fact that
specialemphasisis givento the interiorderivativein the bicharacteristicdirection,
wijich alonecontainsderivativesof thetypea/at, whereasall otherinteriorderivatives
p~sentarespatialin nature.
I. Introduction.
The bicharacteristicmethod for numerical solution of hyperbolic
equations(Reddy, Tikekarand Prasad,1982)is based on the existenceof a
compatibilityconditionalongthecharacteristicsurfacewith specialemphasis
on thebicharacteristicdirection. There doesnotseemto bea generalmethod
to derivethiscompatibilitycondition. In fact, Butler(1960)goesthroughvery
complicated geometricalconsiderationsto derive it for the gas dynamic
equations. In this shortpaper,wehave derived the compatibilitycondition
for a generalquasilinear hyperbolic systemof first order equations. We
believethat the equationderived here will not onlybe usefulin numerical
solutionof the hyperbolicequationsbut will also leadto simpler proofs of
manyimportanttheoreticalresults.
In what follows, the suffixesi, j, k takevaluesI, 2, ..., n and ex,p, 'Ythe
values I, 2, ... , m ; wherenand m are positive integers. A repeatedsuffix
(exceptwhenthesuffixis M) impliessumovertherangeof thesuffix.
.
2. Thecanonicalform of thecompatibilitycondition
Consideraquasilinearsystemof firstorderequations
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A aU + Be.)aU + C ==0,
81 8x.
whereU is a columnvectorwithncomponents;x., t (ex. ==1,2, ..- , m)are the
m+1independentvariables;A and B(')arenxn matrices,A beingnonsingular
andC a column vector with n components.A, 8(.>,C are functions of U,
x" and t. We assumethe systemto be hyperbolic [Prasad and Ravindran,
1984]with t asa time-like variable,i. e., for an arbitrarysetof real numbers
{n.},there aren real characteristicroots c, (not necessarilydistinct) of the
characteristic equation and that there exist n linearly independentleft
eigenvectors10e)andn linearlyindependentrighteigenvectorsr(k)satisfying
(2.1)
I(M)n. B(') - CM/(M)A, n" B'.) rIM) ==co\!Ar(M), M = 1,2, ... , n. (2.2)
Let Land R benx n matriceswith ith row of L as Ill) and ith columnof
R.'asr(i). Let S = [Sii]be the inverseof R. In passingwe remark that it is
possibleto normaliseLand R satisfying
L A .R = I (identitymatrix).
Then
S ==[Silo] = L A = [//i)Ajd .
(2.3)
(2.4)
However,it is not necessaryfor us to use(2.3)and(2.4), which makes the
algebraverycomplicatedin practicalproblems.
Multiplying (2.1)by the left eigenvectorI("M)of the Mth characteristic
field,wegeta systemequivalento (2.1):
I(M)A 3U + I(M.B(8)aU + I(M)C =-O. M = 1,2, ... ,11.81 ax. (2.5)
Consider theequation(2.5)for a given valueof M. If ~(M)(x., t) = constant,
representsa oneparameterfamilyof characteristic:manifoldsof theMth field,
wedefinea setof In+1functions
~(M)(x..,f), 'I1\(M)(x., t), 'I1a(M)(x., f), ... , 71m(M)(x., t)
such that
(2.6)
a(cp(M),1J,(M),... , 'l)m(M):;z!:0 .
8(1,x" ... , xm)
'0
Here(- CM,n.) O::(?t(M"~x.(M)andtheequation(2.5)reducesto
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I(M) (A 7l,IIM) + Blo) 7l,x (M» ~ + 11M)c =O.
a i'71,(M)
(2.7)
Equation(2.7)contains only them independentinterior derivativeson.a
characteristicmanifoldcp<M)= constantand hencerepresentsa compatibility
condition on it. Theoreticallywecanchoose oneof the interior derivatives
in thedirectionof thebicharacteristicurveleadingto theresultwearelooking
for. Following the same,idea Butler(1960)goesthrough very complicated
geometricalconsiderationsevenfor thegas dynamicequations. Prasad(1975)
carriedout this procedurefor a generalhyperbolicsystemand rearranged
(2.7)to include thederivativealongthe bicharacteristiccurveof thevariable
w definedby U = Rw. However,in this formulation,non-spatial'derivatives
of walso occurredin theequation(e. g , the term -;. ,(i)in equation(2.23).\ ax.
in his p¥pt'r) whichhadto becarefullygatheredtogether,beforeanynumeri-
cal integrationcouldbeperformed. We shall derive herea canonicalform
of the compatibilitycondition(2.5),which separatesout the d'ifferentiationi
the bicharacteristicdirection from other spatial interior derivativesin the
characteristic manifold. This is also the form which lendsitself to easy
numerical computations. Since RS =0 I, we can rewrite (2.5) as :
I(M)A R S all + I(M)B(o)RS aU + [(M)C =00
a( ax. (2.8)
or usingsummationconventionexceptfor M weget
I(M) A rliJ So au} + [(M) Blo) r(l) Si} au} + [(M) C =0at ax.
Since[<t)A r(J) =0 0 wheni :;tj, thisrelationgives
8M} [ (I(M) A TIM»)au}+ (I(M)B(o)rlM) ) au}]ot ax.
+ ~ I(M)B<o)r(l)Si}au} + [(M)C =O.
~J axo
i:;tM
(2.9)
Let the equationof the bicharacteristiccurvein space-timebe givenby
l' =0x.(17M),t =17M, thenfrom the Lemmaon bicharacteristicdirection
(prasadandRavilldran(1984),82,Chapter3],weget
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dx.. =0(f(M) B(') r(M) ) / (l(M)A reM»),dt = 1,
~M ~M
(2.10)
Theequation(2.9)nowbecomes
SMj(l(M)A rIM) dUj + '" J(M)B(')rIll SijaUf + f(M)C = 0,
dUM L ax..
i:t=M
(2.11) ~
nosumoverM.
The derivativea/duMrepresentsthetimerateof changeof a quantityalongthe
bicharacteristiccurves of the Mth characteristicfamily. The compatibility
condition(2.11)on the characteristicmanifoldis of a very special type, the
derivativealongthe bicharacteristicdirectionhasa specialstatusin thatit is
t~e only one which contains the time derivative 8/8t, the other interior
d~rivatives J(M) B(o) rll) Sij 2- on the characteristicmanifold contain only
ax.
spatialderivatives.
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